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Abstract 

In general warped compactifications, non-trivial backgrounds for the warp factor and the dilaton 
break .D- dimensional diffeomorphism invariance, so that dilaton fluctuations can be gauged away 
completely and eaten by the metric. More specifically, the warped volume modulus and the dilaton 
are not independent, but combine into a single gauge- invariant degree of freedom in the lower 
dimensional effective theory, the warped breathing mode. This occurs for all strengths of the 
warping, even the weakly warped limit. This warped breathing mode appears as a natural zero mode 
deformation of backgrounds sourced by p-branes, and affects the identification of the independent 
degrees of freedom of flux compactifications. 



1 Introduction 



The effective theory describing the low energy limit of a compactification contains many light 
degrees of freedom, particularly scalar fields, arising as fluctuations of the higher dimensional fields. 
In string theory compactifications two such degrees of freedom are universal, appearing in any 
compactification: the volume modulus, a fluctuation of the metric that controls the volume of the 
compact space, and the dilaton, a fluctuation of the 10-dimensional scalar field that controls the 
strength of the string coupling. While these two degrees of freedom, and their effective theory, are 
most easily analyzed in the unwarped limit, many compactifications of phenomenological interest 
contain matter and localized objects that source non-trivial warping p~H9]. Often, the way a lower 
dimensional degree of freedom appears in the higher dimensional fields in the presence of warping 
can look very different from its relatively simple unwarped form; for some examples see [TUHTJ]. 
Motivated by the simplicity and universality of the volume modulus and the dilaton, in this paper 
we will construct their higher-dimensional origin in warped backgrounds. We will show that in a 
warped background the (warped) volume modulus and the dilaton combine into a single degree of 
freedom, which we will call the warped breathing mode. As we will explain in more detail below, 
these degrees of freedom combine because of the spontaneous breaking of the higher-dimensional 
diffeomorphisms by the warping and the existence of non-trivial constraint equations arising from 
the higher- dimensional Einstein equations. 

First, let us first review how fields, and their perturbations, behave on warped backgrounds. 
The study of dynamics and fluctuations on warped compactifications is much more complicated 
than the standard Kaluza-Klein (KK) reduction on direct product spaces, and has been studied 
extensively by a number of authors [T0H30] . A number of well-known physical effects contribute to 
the challenges of warped effective theories: 

• Wavefunctions in the internal space localize to regions of strong warping, so that terms in the 
effective theory involving wavefunction overlaps are more difficult to compute. 

• In a KK reduction fields are expanded in a KK tower; usually only the zero mode is kept, 
and the higher modes integrated out, because the zero mode mass is hierarchically smaller 
than the KK mode masses (set by the KK scale). In spaces with regions of strong warping, 
however, the masses of KK modes are strongly redshifted to the IR, so that they cannot in 
principle be integrated out. 

These effects are best understood through a simple model of a scalar field in a warped space [26]. In 
particular, consider the D-dimensional warped product of a (p+l)-dimensional (external) spacetime 
and a (D — p — l)-dimensional (internal) compact space, spanned by x^, y m respectively, with the 
background metric 



The function A Q (y) is known as the warp factor. In addition to gravity, we will allow a D- dimensional 
scalar field and D- dimensional matter, with the action 



We will refer to the D- dimensional scalar field as the dilaton field throughout the rest of the 
paper, in obvious analogy with the dilaton of 10-dimensional supergravity theories. The rest of the 



ds 2 D = e 2A °Wg^dx»dx v + g mn (y)dy m dy 



(1.1) 




(1.2) 
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matter in C m will contribute to generating the warped background, but fluctuations in these fields 
will not be important, as we will see. 

Fluctuations of the dilaton on the background (11.11) take the form 

<p(x, y) = My) + <ty(ac, y) = My) + 5( l ) n(x)^ n (y), ( L3 ) 

n 

where 4>o(y) is the background profile of the dilaton. Since the dilaton typically also couples to the 
D-dimensional matter generating the warp factor, we will refer to non-trivial background profiles 
for A (y), 4>o(y) as "warping" in generafj In writing (I1.3P we expanded the fluctuation into a tower 
of KK degrees of freedom S(p n (x). The equation of motion for 5<ft(x, y), allowing for a .D-dimensional 
mass (which can arise e.g. from fluxes, see [26]), is 

V 2 D 6<f>{x,y) - m%8<f>{x,y) = ^ [e~ 2A ^MyW n {x) + (p + l)(&>A )(d P 4> n (y))54> n (x) 

n 

+^D- P -i^n{y)8(t)n{x)-rnl^ n {y)8(t> n {x) =0. (1.4) 

Writing this in terms of the (p + l)-dimensional mass □50 n (x) = m^50 n (x), we have a Schrodinger- 
type equation for the wavefunction (p n (y) on the compact internal space: 

Vl_ p ^My) + (p+l)(d p A )(d P M + (e~ 2Ao m 2 n - mj) n (y) = 0. (1.5) 

The naive zero mode 8<fio(x)(j)o is usually taken to be constant, with a (p + l)-dimensional mass 
mo ~ 7770. This may not, however, be the lowest mass mode of the background. As discussed in [26J, 
the wavefunction for KK modes localizes to regions of strong warping (called warped throats) where 
e -2A ^ ^ rj^g war p ec i throat acts like a gravitational well, redshifting the masses of the lowest 
KK modes to m n ~ e^'m^, mo so that the KK modes are much lighter than the naive zero mode. 
Thus, they cannot be integrated out, and must be included in the low energy effective field theory. 
Similar conclusions result when examining perturbations of the metric [T0HT2| [25]. 

The above warping effects arise just by examining the dilaton equation of motion, which treats 
the dilaton as a probe field in a fixed warped background. When the dilaton is coupled to gravity, 
however, additional interesting effects due to warping arise: 

• Diffeomorphisms mix fields in completely different sectors (e.g. gravity and dilaton fields). 
Only combinations of fields from different sectors are true gauge-invariant degrees of freedom. 

• Constraint equations arising from the higher dimensional equations of motion constrain fields 
to be dependent on each other in a non-dynamical way, reducing the overall number of inde- 
pendent degrees of freedom. 

In particular, consider a generic fluctuation of the dilaton (p(x,y) = <fio(y) + 5(f>(x,y). When we 
allow the metric to be dynamical, it is possible to transfer the entire dilaton fluctuation into the 
metric through a D- dimensional diffeomorphism £ M (x,y) since 

9mn 9m n — Vat/6v — Vtv^m; 

<f>(x,y) Mv) + s <P( x )4>(y) + G^dmfo = Mv)i 

with r(x,y) = -^^6^x,y). (1.6) 



1 A few special cases exist, for example the string theory GKP [5] backgrounds with constant dilaton still have 
non-trivial metric warping. 
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Because of the background profile cj) (y), the dilaton fluctuation is no longer gauge-invariant, so 
it does not make sense to talk about it as a separate degree of freedom from the metric. The 
phenomenon arises because the background profile <po(y) spontaneously breaks the .D- dimensional 
diffeomorphism invariance into a preferred slicing of (p + 1)- and (D — p — 1) -dimensional spaces. 
In an analogous way to spontaneously broken gauge theories, the dilaton fluctuation 8(f)(x, y) can 
then be eaten by the metric in a suitably chosen (unitary) gauge (see [3TJ[32] for more discussion 
on the analogy with spontaneously broken gauge theories in the context of cosmology). 

Next, we note that a pure dilaton fluctuation gives rise to an off-diagonal (fim) component of 
the D-dimensional Einstein equations: 

= 5G, m - kIST^ = -i (<V0(x)) 4>{y)d m( j) Q {y). (1.7) 

If no other fluctuations are turned on, this equation implies that the dilaton cannot be dynamical 
<9 M <50(a;) = 0. However, inspired by our previous observation about dilaton-metric mixing through 
diffeomorphisms, metric fluctuations should also be included; the metric fluctuations will contribute 
additional terms to (jl.7p so that it can be consistently solved. In particular, turning on a metric 
fluctuation Sg mn = u(x)S u g mn (y), (11.71) becomes (schematically): 

SGprn - ^ D 5T m ~ (3„u(z)) V n 5 u g mn - i (3 M <ty(x)) 4>(y)d m My) = • (1.8) 

This can only be solved if the metric and dilaton degrees of freedom are identified with each other 
u(x) ~ S(j)(x). More precisely, metric and dilaton fluctuations can be written in gauge invariant 
combinations, and these gauge invariant fluctuations are coupled through the Einstein equations. 

These off-diagonal components of the Einstein equations are just the usual momentum con- 
straint equations of the Hamiltonian formulation of general relativity (see [33J). The existence of 
a non-zero constraint equation is related to the fact that the dilaton fluctuation transforms un- 
der diffeomorphisms: as is typical in gauge theories, constraint equations act as the generators 
for gauge transformations. Thus, the two effects of gauge (diffeomorphism) non-invariance and 
non-zero constraint equations are just two sides of the same phenomenon. 

It is important to appreciate that the mixing of the dilaton and metric degrees of freedom 
through the two effects just discussed is non-dynamical, in the sense that the dilaton degree of 
freedom 5(f) is not acting as a source for the metric degrees of freedom Sg, but rather must be 
identified with the metric degrees of freedom. In particular, the off-diagonal Einstein equations 
(11.81) arise as initial value constraints on the configuration space, not as dynamical equations of 
motion: since they do not involve second order time derivatives, they must be imposed for all time. 

Similar effects happen in (3 + l)-dimensional cosmological backgrounds with a homogeneous 
time-dependent scalar field: diffeomorphisms mix the scalar field and metric perturbations, so that 
only gauge invariant combinations of these fields are physical, and the constraint equations couple 
the gauge-invariant metric and scalar field fluctuations. Pertubations can be studied using the well- 
developed formalism of cosmological perturbation theory [MIES], which emphasizes the construction 
of gauge- invariant variables and the role of constraints. One interesting result from this formalism 
is that there exists a gauge (comoving gauge) in which the scalar degree of freedom ( is encoded as 
a volume rescaling factor of the spatial metric = a 2 (t)e 2< *5ij. 

A similar formalism can be developed for perturbations in warped backgrounds [131 HH]- The 
relevant metric fluctuations are the scalar components (with respect to the (p + l)-dimensional 
spacetime) of the D-dimensional graviton, and correspond to deformation modes of the internal 
space. This presents a puzzle: which deformation mode of the internal metric should the dilaton 



3 



mix with through diffeomorphisms and the constraint equations? Fortunately, intuition from the 
cosmological case suggests the answer: the dilaton should mix with the "volume rescaling factor" of 
the internal space, otherwise known as the warped volume modulus. Mixing between a bulk scalar 
field and the volume modulus is warped backgrounds has been seen previously for Randall- Sundrum 
(RS) models [361 EZ]- There, fluctuations in the bulk scalar field used in the Goldberger-Wise 
stabilization mechanism for the radion [3S] are coupled to fluctuations in the radion itself [TJHTB] 
(for more recent investigations, see [3^||4D]). 

As a specific example, consider the 10- dimensional supergravity limit of string theory with fluxes 
and localized sources such as O-planes and D-branes, where the dilaton is the usual string theory 
dilaton (in 10-dimensional Einstein frame). The fluxes and localized objects act as sources for the 
dilaton and warp factor, so that both the dilaton and warp factor have non-trivial profiles on the 
internal spac^]. A priori it would seem natural to regard fluctuations of the dilaton and the volume 
modulus as two independent degrees of freedom. However, as argued above, and will be shown 
in more detail in the rest of the paper, the behavior of fluctuations under diffeomorphisms and 
the existence of constraint equations imply this cannot be the case: the fluctuations of the volume 
modulus and dilaton are controlled by a single degree of freedom, the breathing mode, which has as 
its 10-dimensional wavefunction a mixture of the warped volume modulus and the dilatorJE 

In Section [21 we review the formalism of cosmological perturbation theory [HUES]) an d its appli- 
cation to perturbations on warped compactifications [T3"1IT8]. The formalism of warped perturbation 
theory, namely the construction of gauge-invariant variables and the role of the constraint equations, 
illustrates the non-dynamical mixing between the dilaton and the metric. In the rest of the paper we 
will illustrate how in warped backgrounds mixing occurs between the warped volume modulus and 
the dilaton. In Section [3] we show how the dilaton and warped volume modulus combine through 
the constraint equations, and compute the kinetic term of the resulting "breathing mode" degree 
of freedom in the dimensionally reduced effective theory. In Section [4] we show how the breathing 
mode also appears naturally as a zero mode of p-brane-like compactifications. We conclude with a 
discussion of the implications of our results in Section Appendix |A] contains the metric wavefunc- 
tion for the warped volume modulus for arbitrary spacetime dimensions. Throughout the paper, 
the term "degree of freeedom" always refers to a (p + l)-dimensional field, while the term "field" is 
reserved for D-dimensional fields. 

2 Cosmological Perturbation Theory and Warped Com- 
pactifications 

It was noted in ^3|fT8] that there is a similarity in the structure of perturbations on cosmological and 
warped backgrounds. These similarities are useful for understanding the mixing of warped degrees 
of freedom through diffeomorphisms and constraints that we will focus on throughout the paper. In 
this section, we will first review cosmological perturbation theory for a scalar field on a cosmological 
background. We will then review the application of this formalism to warped perturbation theory 
for perturbations of the dilaton and the metric. In later sections, we will specialize to the case 
where the metric perturbations correspond to the warped volume modulus. 

2 Again, GKP 5 backgrounds where the dilaton is constant are an exception. 

3 This is different than the kinetic mixing between the dilaton and the volume modulus that arises when working 
in 10-dimensional string frame. This latter effect disappears after a field redefinition, which is equivalent to working 
in 10-dimensional Einstein frame, and preserves the number of degrees of freedom. In contrast, the mixing we are 
pointing out occurs even in Einstein frame, and changes the number of degrees of freedom. 
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2.1 Cosmological Perturbation Theory 



We will follow the general formalism for cosmological perturbation theory of [35] . Our background 
is a 4-dimensional FLRW spacetime on flat 3-dimensional space: 



ds 2 = —dt 2 + a 2 {t)5ijdx l dx^ . 



(2-1) 



with scalar field matter that has a homogeneous background profile <fi = 4>(t). Scalar perturbations 
(with respect to the spatial directions x) about this background take the form, 

ds 2 = -(1 + 2tp(t,x))dt 2 + a 2 (t) [(1 - 2ip(t,x))6 ij + 2d i d j E(t,x)) dx l dx j 

+a(t)d i B(t,x)dtdx i ; (2.2) 
= <j> (t) + 6<i>(t,x). (2.3) 

Altogether we have 5 scalar fluctuations {(p,ip, E, B,5(j)}. However, not all of these fluctuations 
are independent. Under infinitesimal coordinate transformations x M — > x^ + £ lx (t,x) the metric and 
scalar field transform as 



+ OV>. 



(2.4) 
(2.5) 



In particular, spatial scalar diffeomorphisms £^ = {£ (t,x),6' l Wj\(t,x)} can be used to shuffle 
degrees of freedom between the metric and scalar matter sectors: 



0. 



a 



o. 



a 

B B + -£°-a\; 
a 

E E-X: 



o. 



(2.6) 



(where a dot denotes a derivative with respect to time t). Clearly, the original scalar fluctuation 
variables are not gauge invariant but gauge invariant variables can be constructed [34"|l35]: 



<5$ 



d 

It L 

a 



a 2 (E-B/a) 



ip + -a 2 (E - B/a)\ 
a 

5<f) + a 2 ME-B/a). 



(2.7) 

(2.8) 
(2.9) 



Of the 5 original scalar fluctuations, only 3 of them are gauge invariant; 2 of the scalar fluctuations 
are gauge artifacts, and can be removed by an appropriate gauge transformation. 

Let us now examine the constraint equations arising from the Einstein equations. The standard 
energy and momentum constraint equations arise as the time-time and time-space components of 
the Einstein equations. Written in terms of the gauge invariant variables above, they are (to first 
order in the fluctuations): 



5 Gqo 
5G i 



SttG5T o 
8nGST Qi 



3H(^b + H$ B + V 2 ^ B + 4irG5p = 0; 



2a 



a 



(2.10) 
(2.11) 
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where 5p = |5$0o + S$V'((f)o). These equations do not contain second order time derivatives, so 
are not dynamical equations of motion. Instead, they are initial value constraints that must be 
imposed for all time. Imposing these constraint equations reduces the total number of independent 
degrees of freedom. As there are two independent constraint equations for our 3 gauge-invariant 
fields ^b, we are left with only a single independent gauge-invariant degree of freedom. 



2.2 Warped Perturbation Theory 

Inspired by the similarities between perturbations in cosmological and warped backgrounds, in this 
section we will develop a similar formalism for warped perturbation theory, following [T3],ll~8] . 

We will take a D-dimensional warped product of a (p + l)-dimensional external spacetime and 
a (D — p — l)-dimensional internal compact space, with the background, 

ds 2 D = e 2Ao ^g^(x)dx^dx^ + e- 2B ^~g mn (y)dy m dy n ; 
= My)- (2-12) 

Greek indices run over the external spacetime /i, v — 0...p while lower-case latin indices run over 
the internal space m,n = p + 1...D — 1. We are assuming that there are other matter fields with 
Lagrangian C m as well, giving rise to a background energy-momentum tensor Tj$ N = jx^Tmij 

so that the background ( 12.12ft is a solution to the background equations of motion. In particular, we 
have in mind a p-brane like background, which is discussed in more detail in Section HJ We will take 
the background external spacetime to be some (p + l)-dimensional maximally symmetric space g^ v 
such as anti-de Sitter (AdS), Minkowski, or de Sitter (dS) space. We will leave the compact internal 
metric g mn arbitrary, to the extent that it is a background solution; for example, the curvature of 
the internal space may be positive, negative, or zero, according to the solution to the background 
Einstein equations with the choice of matter. The warp factor e _2B °^ is pulled out of the internal 
metric by convention, and will be chosen to be B (y) = (p+l)/(D—p—3)A (y), again by convention 
(occasionally we will keep expressions in terms of B for compactness). 

Perturbations in the metric and dilatonS about this background that are scalar with respect to 
the (p + l)-dimensional spacetime take the form: 

dsjj = e 2A °W J(i _ 2 ^(x, y))g^ + 2V li d u E(x, y)] dx»dx v + e^^d^x, y)dx»dy m 

+e~ 2Bo ^ [g mn (y) + 2^ mn (x, y)\ dy m dy n ; (2.13) 
= Mv) + Wx,y). (2.14) 

As in the cosmological case, not all of these scalar fluctuations {ip, E, K m , <p mn , Sep} are independent 
because of their behavior under D-dimensional diffeomorphisms 

"^^!MV (2.15) 



y m J \y m + ( m (x,y) 

The relevant D-dimensional diffeomorphisms are those which behave as scalars with respect to the 
(p + l)-dimensional spacetime: £ M = {g fll/ d u X(x,y),^ m (x,y)}. The scalar fluctuations transform 



We will restrict perturbations in the matter sector to the dilaton in this paper. This represents a truncation of 
the most general set of perturbations; we leave the study of more general perturbation ansatze to future work. 
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under these diffeomorphisms as 



Pmn -> Pmn - V( m £ n) + (£ p d p B ) g mn ; (2.16) 

i> -+ i> + Cd m A ; (2.17) 

E -»■ E - \; (2.18) 

K m K m - d m \ - e- 2B °- 2Ao g mn C] (2.19) 

50 -> 5<j> + Cdmfo; (2.20) 



where g mn always represent the background metric. Here it is clear that the dilaton fluctuations 
54> mix with the scalar metric fluctuations through gauge transformations due to the background 
profile (f>o(y)- This can be understood in the language of spontaneously broken gauge theories: the 
background profile <f>o(y) spontaneously breaks the D-dimensional diffeomorphism (gauge) invari- 
ance, and the D- dimensional graviton (gauge field) can gain an extra degree of freedom by eating 
the dilaton fluctuation. 

We can again define a set of gauge-invariant fields (indices on partial derivatives are raised with 
the warped metric g mn = e 2Bo g mn ) 

<$> mn = Vmn + e 2A ° 'B )(K p - d p E)g mn + V (m [ e 2Ao+2B ° (d n) E - K n) )] ■ (2.21) 
m = ^ + e 2A °(d p A )(K p -d p E); (2.22) 
5$ = 5<f) + e 2Ao (d p (f)o)(K p -d p E). (2.23) 

The diffeomorphism transformations have removed (D — p) of the original scalar fluctuations. 
Eq.f l2.23]) shows how the scalar metric fluctuations mix with the dilaton fluctuations to create 
the gauge-invariant dilaton fluctuation <5<3? when the dilaton has a non-trivial background profile. 

The gauge-invariant variables also must satisfy constraints coming from the Einstein equations. 
For perturbations about warped backgrounds, these constraints arise from the off-diagonal \x ^ v 
and jjm Einstein equations^), which read (with $^ = Q pq g pq ): 

5G, U - K 2 D 5T, v \^ y = V,d v [(p - 1)* - $f] = 0; (2.24) 
SGfim - K 2 D ST„ m = -d^d m [p* + $f] + dfi^l + d^l [d m A + d m B ] 

+d^ p m [(p - l)d p A -(D-p- l)d p B ] + ^SQdnfa = . (2.25) 

Notice that the dilaton fluctuation does not contribute at linear order to the // ^ v constraint 
equations, but it does contribute to the \im constraint equations when the background profile is 
non-trivial. Thus, the gauge-invariant dilaton and metric fluctuations cannot be independent. For 
example, it is not possible to consider fluctuations of the dilaton by itself, since the constraint 
equation (12. 25[) is in that case 

5G^ m - K 2 D 6Tfj, m = -i<9 M 50<9 m 0o = 

which cannot be solved for a dynamical dilaton fluctuation 5(f). 

Altogether, we started with 3 + (D — p — 1)(D — p + 2)/2 scalar fluctuations; after applying 
2(D — p) constraints and gauge fixings, we are left with 1 + (D — p — 1)(D — p — 2)/2 independent 
and gauge-invariant scalar fluctuations. Note that this is the number of independent Z)-dimensional 

See |llU25j for more discussion about the role of constraints in warped compactifications. 
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dilaton and metric fluctuations that are scalars in (p + l)-dimensions, not the number of (p + 1)- 
dimensional degrees of freedom. The number of (p + l)-dimensional degrees of freedom is in fact 
infinite, consisting of an infinite tower of KK-modes. In particular, the D-dimensional fluctuations 
{^(x, y), $ mri (x, y), y)} can be expanded in appropriate eigenmodes of the warped internal 
space, e.g. y) = J2 n u n (x)Y n (y) (see [IT] for more discussion of eigenmodes for warped spaces), 
corresponding to an infinite tower of gauge-invariant, (p + l)-dimensional degrees of freedom. 

This approach of identifying gauge-invariant variables and coupling them through the Einstein 
constraint equations is equivalent to the Hamiltonian construction of warped perturbation the- 
ory [251 [29]. m the Hamiltonian formalism, one performs an ADM decomposition of the metric 
and constructs the canonical momentum associated to the spatial metric, so that the Hamilto- 
nian is written in terms of the canonical momentum. Invariance of the Hamiltonian under gauge 
transformations then enforces the constraints. While the Hamiltonian formalism is much more 
elegant, the slicing of spacetime into time and (D — l)-dimensional space obscures the physical 
role the background dilaton profile 4>o(y) plays in inducing the preferred slicing into (p + 1)- and 
{D — p— 1) -dimensional spaces, which leads to the mixing. Since it is this latter slicing that is most 
important for warped backgrounds, our approach is conceptually more transparent for seeing the 
mixing between the dilaton and the volume modulus. 

3 Warped Breathing Mode 

In the previous section we examined the formalism of warped perturbation theory for general scalar 
metric and dilaton fluctuations (I2.13|2.14p on the warped background (12.121) . It was seen there 
that dilaton fluctuations generically mix non-dynamically with the metric fluctuations through the 
gauge-invariant fluctuations (I2.21ti2.23]) and the constraint equation (I2.25p . Only when the dilaton 
background is completely constant do the fluctuations in the different sectors decouple. 

To illustrate this more explicitly, let us now restrict ourselves to a simple subset of fluctuations to 
show how fluctuations from the metric and dilaton sectors combine into a single (p+ l)-dimensional 
degree of freedom. We will call this degree of freedom the warped breathing mode, and it is composed 
of the warped volume modulus and the dilaton fluctuation, which we will consider in turn. To be 
clear, in this section we are considering one particular ansatz which consistently solves the constraint 
equations; we are not providing the most general solution for perturbations in a warped background, 
which is beyond the scope of this work. 

3.1 Ansatz 

Let us begin with the metric sector, and consider the warped volume modulus in a general D- 
dimensional space. This will be a generalization of the warped volume modulus for compactifications 
from 10 to 4 dimensions given in [12]. More details on the construction of the warped volume 
modulus can be found in Appendix [A] As we saw in Section 12. 2\ the most general form of scalar 
metric fluctuations is given in (12. 13 j) . We will take these fluctuations to depend on a single (p + 1)- 
dimensional degree of freedom u(x). In the absence of dilaton fluctuations, u(x) would be identified 
as the warped volume modulus (as seen in Appendix [A]). The y-dependent parts of the metric 
fluctuations will be referred to as the metric wavefunction; e.g. the fluctuations can be expanded as 
if)(x, y) = u(x)ip(y), ip mn (x, y) = u(x)(p mn (y), etc. 

In order to differentiate the warped volume modulus from other possible metric deformation 
modes we will require that it satisfy a few simple properties. First, the fluctuation should correspond 
(for some fixed gauge) to a pure trace fluctuation of the internal metric <p mn oc g mn . This is 
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motivated by the form of the unwarped volume modulus (IA.3[) . In the warped case, however, we 
expect that this fluctuation may obtain some non-trivial wavefunction ip mn = u(x)ip(y)g mn due to 
the background warping. Note that while it seems natural to take (p mn to be pure trace, this is not 
a gauge-invariant statement. The full gauge-invariant internal metric fluctuation $ mn ( 12 . 2 1 [) will 
not in general be pure trace, even if ip mn is. Since (p mn and if) are coupled through the constraint 
equations ( I2.24f2.25p . we will also need to turn on the fluctuation if) = u(x)if)(y). In general, the 
constraint equations also require non-zero K m , E fluctuations, but since tp mn is pure trace, K m is 
not sourced through the constraint equations or equations of motion, so we can set K m = without 
loss of generalitjo. 

Next, we want the breathing mode to correspond to a fluctuation in the warped volume. The 
relevant warped volume appears in the dimensional reduction of the .D- dimensional Ricci scalar (we 
will suppress subscripts on metric determinants as detg^ = g, detg mn = g): 

95 Rd ^A[^R P +i[ Vfe-^ 1 ^"^ 1 )* = -V / y/l^vff (3.1) 



where 

V$) = I ^~ e -(p-l)A -(D-p-l)B = I y~ e -27A (3>2) 



is the background warped volume, and 7 = (D — 2)/(D — p — 3). Finally, we would like the 
metric fluctuations to reduce to the unwarped volume modulus (reviewed in Appendix lA.ip in the 
unwarped limit. 

In particular, we will take our ansatz for the warped volume modulus deformation of the metric 
to be: 



ds 2 = e 2MyM*)) e mu(x)] g^ v + 2e {p -^ [u{x)] V ll d v u{x)E(y) 



+e~^^) AMx)) ~g mn {y)dy m dy n (3.3) 

where we have promoted the warp factor to be a function of the warped volume modulus so that 
at linear order in u(x) 

A(y,u(x)) w A (y)+u(x)5A(y)+O(u 2 ), (3.4) 

for some 5 A to be determined by solving the constraint equations. We have also included a Weyl 
factor, defined as 

(p-i)ci[u(x)] = I y/9 Vp-p-l ( a 

f Vg e-»r A <»>«(*)) y w ' {6 - 0> 

so that the dimensionally reduced Ricci scalar is in Einstein frame, where again to linear order 
Sl[u(x)] ^n + u(x)5n + Oiu 2 ) with e^- 1 ) 00 = Vb_p_i/V^ J . This implies k 2 d = Vd-p-ikJ^i, as in 
the unwarped case. 

Comparing ( 13. 3D to the general form for metric perturbations ( 12.131) . we have the identifications: 

iP(x,y) = -u(x)(SA(y) + Sn); (3.6) 

E(x,y) = u(x)E(y); (3.7) 

K m (x,y) = 0; (3.8) 
p+1 

ip mn {x,y) = — = -u(x)5A(y)g mn . (3.9) 

L> — p — 6 



6 More precisely, K m = d m K, and there always exists a gauge where this can be shifted into the metric fluctuation 

E. 
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Now we will consider the dilaton sector. As in ( l2.12p we will take the dilaton to have some 
non-trivial background profile <po{y). Let us write fluctuations of the dilaton as 

<t>(x,y) = Mv) + ty(*)fcv), (3-10) 

where 5<p{x) is the (p+l)-dimensional degree of freedom associated with the dilaton, and the dilaton 
fluctuation obtains a non-trivial wavefunction <j>{y) due to the warping. We are writing the dilaton 
degree of freedom 5<j){x) as a separate degree of freedom from the warped volume modulus u(x), but 
we know that it cannot really be dynamically independent since gauge transformations can be used 
to shift 8(f)(x,y) = 8(j)(x)(j){y) entirely into the metric. In particular, the gauge invariant dilaton 
fluctuation (|2~23I) : 

5$ = 5</>(x)^(y) - u(x)e 2Ao (d p <j ) o)(d p E(y)) (3.11) 

does not make sense unless Scj){x) oc u(x). We can absorb the proportionality constant into the 
dilaton wavefunction <p{y) so that the degrees of freedom are identified with each other S(p{x) = u(x). 
We will call this degree of freedom, which sources both the D- dimensional warped volume modulus 
and the .D- dimensional dilaton fluctuations, the warped breathing mode. It is clear that (13.61 - 
I3.10P fix the gauge completely, since it is not possible to make a gauge transformation of the form 
f l2TT6ll2T20|) that preserves fl3.6H3.10p . 

Even without noticing that gauge transformations mix the dilaton and warped volume modulus 
fluctuations together, the {urn) constraint equation couples them in an unavoidable way: 

SG^ m - n 2 D 5T^ m = (dpuix)) ( D ^~^ 3 ) [d m SA -{p+ l)SAd m A ] 

-^{d^{x))^{y)d m (t> Q = Q. (3.12) 

Clearly, we cannot solve this constraint unless the warped volume modulus and dilaton fluctuations 
are related, so we are again led to 5<p{x) oc u{x). Then <p{y) and 5A{y) are related through this 
constraint. Note that it is not possible to solve this constraint equation by introducing only an 
off-diagonal vector metric component K m d m K insteacjll of a warp factor fluctuation because the 
resulting constraint equation is inconsistent. One way to see this is to notice that the fluctuation 
of the dilaton 5(j){x, y) is a scalar with respect to the internal space, while the off-diagonal metric 
component K m is a vector. Since vectors and scalars transform differently under rotations of the 
internal space, it is not possible for these types of terms to cancel in the constraint equations. 
Alternatively, it is straightforward to compute the constraint equation including only K m , and it 
is seen to be inconsistent. This conclusion about mixing between the volume modulus and dilaton 
fluctuations is quite general, since the mixing seen in (I3.12p follows directly from the general metric 
ansatz (13.31) for (p + l)-dimensional dependent fluctuations of a D- dimensional scalar. 

As discussed in Section [2j the dilaton fluctuation transforms under D-dimensional diffeomor- 
phisms as 

5<f>(x,y) ->■ 5(j) + t p d p (f) Q {y). 

Thus, there exists a gauge, "unitary gauge," in which the dilaton fluctuation vanishes. This can be 
arrived at by making a gauge transformation with gauge parameter £ p = — w(x)<9 p 0o0(2/)/(V0o) 2 > 

7 Recall that a total derivative vector compensator K m — d m K can always be shifted into the compensator E{y) 
through a (p + l)-dimensional gauge transformation that leaves (13. 12)) unchanged. 
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where we have made the replacement 5<fi(x) = u(x). In this gauge all of the fluctuations appear in 
the metric, which takes the (linearized) form: 



ds 2 



e 2A (y) e 2f2 (2/) 



1 + u{x){8A + 6tl+ V f°' W f° 4>(y)) 



(V0 O ) 



p+i 



+e vd-p-3 



)Mv) 



+V 



Qmn 



U[X) 



p + 1 



D-p-3 



(M _v^- (y) 



(V0„) 



('" 



nWO 7, 



(V0 O ) 



0(y) u(x) } + d fl u(x)(f)(y)e 



0„ 



-2A (y) u mV0 

(V0 O ) 



■dx^dy™. (3.13) 



Notice that in this gauge the internal metric has off-diagonal terms, and the metric is no longer 
block-diagonal in the internal and external directions. 

In many cases of interest, the background dilaton profile <po(y) is related to the background 
warp factor (f>o(y) = qAo(y), for some q. For example, backreaction from p-branes create warping 
of precisely this form, as we will explore in more detail in the next section. The breathing mode 
then appears in the dilaton through the ansatz: 



(x,y) = qA(y,u(x)), 



(3.14) 



so that to linear order we have <f>(x, y) ~ qA (y) +u(x)q5A + 0(u 2 ), e.g. <fi(y) = qSA. The constraint 
equation f !3.12p can then be written in a simple form: 



D 



D-p-3j Q 



-QA(y,u(x)) 



) = o 



(3.15) 



where Q = (p + 1) + 



q 2 (D-p-3) 
2(D-2) 



. Similarly as in 1121 . the solution is a shift ansatz for the warp factor 



-QA(y,u(x)) 



e -QMy) +u f x ). 



(3.16) 



The dilaton fluctuation does not contribute to the /i^y constraint equation (I2.24p at linear order, 
which taking advantage of the shift form of the warp factor, takes the form 



V 2 E{y) 



27 

Q 



,-2iA{y,u(x)) 



,(Q-2 7 )A(y,n(x)) 



V, 



D-p-1 



D-p-1 



-2-yA(y,u(x)) 



(3.17) 



Notice that the left hand side of this equation is independent of the breathing mode u(x), while the 
right hand side in general depends on u(x). However, if Q = 27 (I3.17P becomes, 



V 2 E{y) = e 



-QA{y,u{x)) 



fVge 



-QA{y,u(x)) 



-2 7 Ao(y) 



-2 7 A (y) 



D-p-1 



(3.18) 



D-p-1 



so that the right hand side only depends on the background warp factor A (y) and both sides of 
the equation are now manifestly independent of the warped breathing mode u(x). We will take this 
value of Q from now on. 

Summarizing, spacetime dependent fluctuations of the D-dimensional metric and dilaton of the 
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form: 



dg 2 = e 2A{y,u{*)) e ™[<x)\ ^ + 2e ( P -3)Cy ^ u u{%) 



dx»dx u 



+e 



<^h) A ^ u ^~g mn (y)dy m dy n ■ (3.19) 



- A (D-2) 2 2(p+ !)(£>- 2) 



= gA(y,u(a;)) where g = 4— — — ; (3.20) 

(D — p — 3) 2 D — p — 3 

-2rrA(v,u(*)) = e -^Mv) + u ( x )- (3.21) 



,(p-l)n[«(a!)] 



; v^e-^.^)) + vjW/y^ ; (3 ' 22) 

V 2 £(?/) = e" 2 ^^" - e -(p-i)n[«(*)l = e^ofe) _ V$VVd_ p _i , (3.23) 

satisfy all constraint equations, and thus are a consistent ansatz for spacetime fluctuations. The 
warped volume modulus and the dilaton have been forced by the constraint equations to combine 
into a single (p + l)-dimensional degree of freedom, the warped breathing mode u(x). 

In the weakly warped limit, e~ 2 ' yA °^ ~ 1, we have e^" 1 ^ ~ (u(x) + l)^ 1 and from ( 13.23j) the 
compensator vanishes to leading order V 2 E ~ so E(y) ~ 0. Taking u(x) + 1 = e 2 ^ D ~ 2 '^^ Jr1 ' v ^ 
with (3 as in Section \A.1\ the metric (13.191) becomes 

ds 2 ~ e 2a ^ x) giiu dx»dx u + e 2 ^ {x) ~g mn dy m dy n (3.24) 



which is the metric for the unwarped volume modulus flA.3j) . In the completely unwarped limit 



e -iA){y) — 1 of (l3.19H3.23j) the unwarped volume modulus and the dilaton decouple, as they are no 
longer forced to be related by the off-diagonal constraint equation. In the language of constructing 
gauge-invariant variables, since the background profile for the dilaton is constant in the completely 
unwarped limit, gauge transformations no longer mix the metric and dilaton degrees of freedom. 
However, in the weakly warped limit the slowly varying background profile for the dilaton does 
still spontaneously break the D- dimensional gauge invariance and the metric and dilaton degrees of 
freedom do still mix non-dynamically, so we cannot in principle decouple these degrees of freedom. 
In this sense the completely unwarped limit e~ lA °^ = 1 of (13. 19113. 231) is a singular limit - it is not 
smoothly connected to the weakly warped limit because the action of gauge transformations on the 
dilaton is not smoothly connected to the unwarped limit. 

In particular, write the background warp factor as A Q (y) = ef(y), so that e controls the strength 
of the warping; in the large volume limit we expect e to be inversely proportional to the volume. 
Small e is the weakly warped limit, since the warp factor is then approximately constant over the 
internal space 

e 2A(x, y ) w 1 _ 7 -i u ( x ) +2ef(y). 

Derivatives of the background warp factor in the internal direction are proportional to e in this 
limit, d m A ~ d m 5A = ed m f(y). The dilaton in the weakly warped limit is, from (I3.14p 

q 

4>{x,y) ~ qcfiy) - ttu{x), 
27 

so again derivatives of the background dilaton in the internal direction are proportional to e in 
this limit, <9 m o ~ qed m f(y). From (I3.12p we see that the dilaton and warped volume modulus are 
coupled through derivatives of the background dilaton and warp factor profiles, d m A , d m SA, d m (j)Q. 
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But since each of these terms scales with the same power of e, the coupling does not become 
parametrically small in the weakly warped, small e, limit. More precisely, the constraint equation 
becomes 



D 



D-p-3 



ed m f(y) + ^±HecW(y) 
2 7 



47 



edmf(y) ■ 



The strength of the warping e completely cancels from this constraint equation, so it is independent 
of the size of the warping, as long as the warping is non-zero. Thus, the dilaton and warped volume 
modulus combine into the single warped breathing mode for all finite values of the warping, even 
the weakly warped limit. This has important implications for the construction of effective theories 
from flux compactifications, where the weakly warped limit is commonly used and the dilaton and 
volume modulus are assumed to be independent degrees of freedom. We will discuss this more in 
Section 



3.2 Dimensionally Reduced Kinetic Term 



The quadratic effective kinetic term for the warped breathing mode u{x) for the system fl3.19H3.23l) 
arises from the dimensional reduction of the D- dimensional Ricci scalar and dilaton action (for 
notational convenience, we will denote determinants of metrics as detc^, = g and detg mn = g): 



nkin 




9^9 [5g MN 5G MN + «V0«9^0] (3.25) 

In moving to the last line we used the fact that the kinetic contribution to the fluctuated external 
Einstein tensor 5G^ U vanishes once the constraints are satisfied. 

We will first focus on the gravity contributions to the effective kinetic term Gul ■ After using the 
equation for the wavefunction for E(y) f)3.23p . the field space metric from gravity can be written as 



g( 9 ) 

11.11. 



4k* 
D - 



~ e (p-i)n 



P+l 
D-2 



D ~ 2 e ( P -m + d-p-3 



2lA 



p — 1 



P 



e (p-l)n d rh e 2yA d E 



(3.26) 



The last term can be integrated by parts, which gives a term proportional V 2 E. Using (13. 23ft 
again the warp factor dependent pieces completely cancel out, and the numerical coefficients of the 
different terms miraculously combine: 



11,11, 



1 



(p+l) 2 (D -p-1) 
8kI +1 (D -2){p-l)) {u{x) + vff/Vn^-iY 



(3.27) 



The coefficient of the kinetic term (I3.27P exactly matches that of the unwarped volume modulus 
flA.lOp . up to a constant shift u — > u + Vyy ' /Vd- p -i- 
The kinetic term coming from the dilaton is: 



f uu 



~ e - 27 A e ( P -i)n g 2 (M) 2 



44 



~ ge ( P -i)n q e 2,A 
47^ 



(3.28) 
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Combining ( I3.27P and (13.28 p . we can write the entire effective kinetic term as, 

I f rz d l ^u(x)d' 1 u(x) 



okin 



(u(x) + vSVVd-p-i) 2 
(p+ 1) 2 (D -p- 1) q 2 (D-p-3) 



(3.29) 



+ 



9 VE\ 



4(L>-2)(p-l) ' 8(D-2) 2 J VV'U-p-l u ^ + e -2 lAo {y) 

In the weakly warped limit e~ 2lA °^ ~ 1, this simplifies considerably to the form, 

V \ dfj,u(x)d^u(x) 



nkin 



p + lj (u(x) + V^/Vo^Y 



(3.30) 



4 Breathing mode of compact p-brane solutions 

As we saw in the previous section, when the background dilaton is related to the background warp 
factor in a particular way (I3.14p the constraints for the warped breathing mode simplify considerably. 
One set of examples where this happens is when the background is sourced by p-branes. 

We start with the effective action for D-dimensional gravity, a dilaton, and a (p + 2)-form gauge 
field F p+2 = dC p+1 : 



S 



1 



2k 2 d 



d D xJ~g~E> 



R D -\{d4i? 



-X<f> 



2(p + 2)! p+2 _ 



S, 



loc ■ 



(4.1) 



where Si oc denotes the action for localized sources charged under the C p+ i-field. For the usual 
D-branes in 10-dimensions, A = (3 —p)/2, but in general we will only require 



A 



2(p + l)(D -p-3) 



(D-2) 

The effective action (14. ip has p-brane background solutions [4D - |4"3] . 

ds 2 



C. 



p+i 



H (y) 2a % u dx»dx u + H (y) 2b g mn (y)dy m dy r ' 
H Q (y) x/2 ; 
±H (y)- l e p+ i ; 



(4.2) 
(4.3) 
(4.4) 



where we have taken the internal space now to be Ricci flat R mn (g) = 0. The exponents in the 
metric are defined as, 



P-P-3) 



p + 1 



(4.5) 



2(D-2) ' 2(L>-2)' 
and Ho(y) is a harmonic function on the internal space, satisfying (for localized sources) 

V 2 H (y) = QJ {D - p - 1] {y - Vn) ■ (4-6) 

n 

This background can be generalized to include additional background fluxes as well. These back- 
ground fluxes act like an effective p-brane charge, and generalize (14. 6p to include flux contributions 
on the right hand side as sources |44j . For example, in D = 10 type IIB supergravity [5J, additional 
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3-form fluxes G3 can behave like an effective D3-brane charge and contribute additional terms to 
the right hand side of (14. 6ft as V 2 H = -^J- + localized terms. In the smeared limit, the background 
solutions (I4.2ti4.4p are just T-dual to the GKP [5] background. However, this background ansatz, 
and our warped breathing mode ansatz below, are more general, since they also apply in the limit 
of localized sources as well, where the T- duality rules do not apply. The background (I4.2ti4.3l) is 
exactly of the form proposed in the last section for the relation between the warp factor and dilaton 
backgrounds. 

From (14.61) the equation for the harmonic function Hq is unchanged by the shift H — >• H + u 
where u = u(x) is a constant on the internal space. This shift acts like a warped volume modulus 
on the metric (14. 2p . fluctuating the warp factor. However, it also appears as a fluctuation of the 
dilaton and (p + l)-form gauge potential C p+ \. The fluctuation in C p+ \ will not play any role in 
determining the kinetic dynamics, e.g. it does not appear in the constraints, and will only affect the 
(flat) potential for u. However, the fluctuation of the dilaton is precisely the same as for the warped 
breathing mode (I3.20p from Section [3 Thus, the warped breathing mode u(x) from the previous 
section arises naturally from the shifto invariance H — > H + u of the static p-brane background 
(BP- 

Now let us consider a general spacetime-dependent deformation of the harmonic function H (y) — > 
H(y, u(x)), where the spacetime dependence in the harmonic function arises through the spacetime- 
dependent shift u(x). In order for this deformation to be a "good" deformation it must satisfy all 
of the constraint equations. In addition to the constraint equations coming from the Einstein 
equations, which we have seen before, we must also satisfy constraint equations coming from the 
F p+2 -form equations of motion, as well as be able to consistently solve the dilaton equation of mo- 
tion. In order to solve the all of the constraint equations, our ansatz for the metric must include a 
ii(x)-dependent Weyl factor on the (p + l)-dimensional metric and a "compensator" E(y): 



ds 2 = H(y,u(x)) 2a e 2n ^ + 2e^ n V ^d u u^)E{y) 



dx»dx v 



+H(y,u(x)y b g mn (y)dy m dy n . (4.7) 

To make contact with the previous section, we can rewrite ( 14 ,7p in terms of the warp factor A(y, u(x)) 
through the relation A(y,u(x)) = a log H(y,u(x)). The Weyl factor is 

e (p-m = v d-p-i = 1 r A 8 n 

/ VgH(y,u(x)) u ( x ) + V^/V^-p-i 

where = J y/gHo(y) is the background warped volume. The dilaton and C p+ i-form fields also 
gain spacetime dependence through the harmonic function and the Weyl factor in the following 
way: 

e -* = H(y,u(x)) x/2 (4.9) 
C p+l = ±H{y,u{x))- 1 e<* +1 ^e p+l - (4.10) 

where e p+ i is the epsilon-tensor constructed from g^ u = fj^ u + 2e < - p_3 ^V \ l d u u{x)E{y). 

The dilaton and F p+2 -form field do not contribute to the fi 7^ v constraint equation, which reads 

V 2 E{y) = H(y, u(x)) - = H (y) - /v f^ (y) . (4.11) 

J V9 



8 A similar shift was also found in |45) . but with a restricted form of the ansatz that limits the physical interpre- 
tation. 
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Clearly (14. 1 1 j) integrates to zero on both sides, and is manifestly independent of the warped breathing 
mode u(x). As in the previous section, the dilaton does contribute to the fim constraint equation, 
but the Fp+2-form field does not; in fact, F p+2 does not contain any spacetime derivatives due to 
the structure of C p+ i. The /im constraint equation then reads, 

SG^-kIST^ = -{ P a + b{D-p-2))d ft d m logH+{D-2)abd fl logHd m logH 

-^d lx \ogHd m logH = -~H~%d m H = 0. (4.12) 

As anticipated, solutions to ( I4.12p are the shift solutions, 

H(y,u(x))=u(x) + H (y). (4.13) 

However, it is not enough to just solve the Einstein constraint equations. We need to show that 
( I4.7H4.10]) are solutions to the full D-dimensional equations of motion, including the equations of 
motion coming from the F p+2 -form and the dilaton. The equation of motion for the F p+2 form is: 



d 



F -a(p + l) +6 (D- P -l)-2 + AV2 {iydy H(y, „(*)))] = Qn^-'XV ~ Vn)£ P+ l , (4.14) 



where we denoted an exterior derivative in the internal direction as d y . Notice that the exponent 
vanishes, so this simplifies to 

d[(* y d y H(y,u(x)))} = J2QnS {D ~ P ~ 1] (y-yn)eD- P -i- (4.15) 

n 

When the exterior derivative is in the internal direction we just find the condition that H(y,u(x)) 
must be harmonic on the internal space. Taking the exterior derivative to be in the (p+l)-spacetime 
direction, (I4.15P becomes 

d x [* 6 dyH(y,u(x))] = (4.16) 

which is satisfied identically for the shift form (14. 13f) of the harmonic function. The dilaton and 
internal Einstein equations of motion simplify as well, reducing to 

DH {y, u(x)) = . (4.17) 

With the shift form of the harmonic function (14.131) . this just reduces to the (linearized) equation 
of motion for u(x): 

Du(x) = 0, (4.18) 

which indicates that the warped breathing mode is massless. 

Fluctuations of the warped breathing mode do not induce fluctuations of the p-brane itself at 
linear order, as can be seen by inspecting the kinetic terms of the DBI action, so (l4.7H4.10l) also 
solve the p-brane equation of motion. It is important to note that the massless warped breathing 
mode studied here is an independent degree of freedom from the degrees of freedom controlling the 
position of the p-brane in the internal space. It would be interesting to see how these degrees of 
freedom couple in the dimensionally reduced effective action, and we leave this for future work. 

In summary, we have shown that the Einstein-dilaton-p-form system (14.11) on the background 
(I4.2H4.4I) has a (p + l)-dimensional "warped breathing mode" u(x), realized non-trivially in the 
D-dimensional fields through (l4.7H4.l0j) . 
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5 Discussion 



We have argued in this paper that in generic D- dimensional warped compactifications to (p + 1)- 
dimensions, the fluctuations associated with the warped volume modulus and the dilaton (a D- 
dimensional scalar field with a non-zero profile in the compact directions) combine into a single 
(p + 1) -dimensional degree of freedom, which we have called the warped breathing mode. As 
discussed in Section [2j these fluctuations combine in the presence of non-trivial warping because 
of two effects. First, the warping breaks the D-dimensional diffeomorphism invariance so that the 
fluctuations transform non-trivially under diffeomorphisms. The gauge-invariant dilaton fluctuation 
( I2.23P contains mixing between the metric and dilaton fluctuations. Second, the warping also 
leads to non-trivial constraint equations involving the fluctuations arising from the D-dimensional 
Einstein equations. We explicitly illustrated this in Section [3] by constructing the D-dimensional 
wavefunction for the warped volume modulus and the dilaton, and showed that solving the Einstein 
constraint equations forces these fluctuations to combine into a single degree of freedom. In Section 
H]we showed that the warped breathing mode is the natural zero mode on the warped backgrounds 
sourced by p-branes, indicating that it is indeed the correct low-energy degree of freedom in the 
presence of objects that source warping. 

The mechanisms of mixing discussed here (spontaneous breaking of diffeomorphisms and non- 
trivial constraint equations) are not restricted to a bulk scalar field and volume modulus. P-form 
gauge fields that obtain a non-zero background profile will lead to similar mixings between the 
p-form and metric degrees of freedom (see [ID])- Further, gauge transformations associated with 
the p-form fields themselves can also mix degrees of freedom in different sectors when the p-form 
fluxes have non-trivial backgrounds. For example, in type IIB supergravity, Chern-Simons couplings 
between the 4-form and 2- form gauge potentials C4, C 2 , B 2 implies that C4 transforms under gauge 
transformations of the 2-form potentials when the 2-forms have background 3-form field strengths, 
e.g.: 

C 2 -> C 2 + dC?\ 

b 2 -> £ 2 + G?Cf; 

c 4 -+ c 4 + itfA^ + icfAFf. 

Generalizing the gauge-invariance and constraint equation arguments given here, fluctuations in 
C4 will mix with those of B 2 ,C 2 ; this was seen explicitly in [H1CE2] for the axion of C4 in GKP [5] 
backgrounds. Similar mixing effects of p-form fluctuations will likely arise in the "generalized 
BPS-like" backgrounds of [44 J or [46J. Thus, the approach given here of identifying the gauge- 
invariant combinations of fluctuations that are independent under the constraint equations is a useful 
organizing scheme for understanding the structure of effective theories arising from compactification 
in general. 

The effects discussed in this paper all arise for non-trivial warping, where the background pro- 
files are non-constant d m A (y), <9 o 0o(y) 7^ 0. In the weakly warped limit the background profiles 
approach a constant e.g. e^°^ y \ e 2Ao ^ ~ 1 + 2ef(y) for some small e, where e is inversely propor- 
tional to some power of the volume. Thus, it seems we can sidestep the subtleties associated with 
warping as long as we are willing to work at a sufficiently large volume where there are no strongly 
warped regions. This line of argument certainly works to remove the problems due to warping 
of wavefunction localization and integrating out KK modes discussed in the introduction. In the 
large volume limit, the gravitational potential well generated by the warping disappears, so that 
wavefunctions spread out over the entire internal space. Likewise, KK modes become hierarchically 
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more massive than the zero mode in the large volume limit (see p m i25 | [2p r ] for more discussion of 
these effects). 

But it is hard to see how the non-dynamical mixing from the diffeomorphisms and constraint 
equations can be removed by a large volume limit: in the completely unwarped limit the mixing 
between the dilaton and the volume modulus vanishes. At strong warping, however, the dilaton and 
volume modulus combine into a single degree of freedom. At the level of the equations, we found in 
Section E] that the constraint equation for the warped volume modulus u(x) and the dilaton 5cf>(x) 
takes the (schematic) form: 

SGfj, m - KjjST^m = =^ (dfj,u(x))d m A (y) ~ (<9 M 50(x))<9 m o (|/); 

where the background profiles scale in the same way in the weakly warped limit d m Ao, d m <j)o ~ 
ed m f(y). The scaling with the strength of the warping e cancels out but the non-zero derivative of 
the profile does not. The only way to solve this equation for any finite strength of the warping e, 
then, is if the dilaton and the warped volume modulus combine into a single breathing mode, even 
in the weakly warped limit. 

Note that we have not solved the full set of linearized equations for a general set of perturbations 
on the most general background, so additional independent degrees of freedom may be present. In 
particular, there should be KK modes of the warped breathing mode, but it is not at all clear what 
form such fluctuations will take. We have not attempted to study such perturbations. Instead, 
however, we have shown that the dilaton cannot be taken to be independent from the warped 
volume modulus in a warped background, as is commonly done. We leave the study of more general 
perturbation ansatze to future work. 
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A Warped Volume Modulus 

In unwarped backgrounds the volume modulus is easy to identify: it is just a simple rescaling 
of the internal metric (together with a Weyl rescaling of the spacetime metric so that the lower 
dimensional spacetime is in Einstein frame). In warped backgrounds, the definition of the warped 
volume modulus is not as simple |10[IT2]. In [12] the warped volume modulus was constructed for 
warped compactifications from 10 to 4 dimensions, and it was seen there that the volume modulus 
mixes with the warp factor and gives rise to additional "compensator" terms in the metric. In this 
Appendix we generalize the construction of [12] to warped compactifications with arbitrary numbers 
of dimensions, seeing again that the warped volume modulus mixes with the warp factor and gives 
rise to metric compensators. In the unwarped limit these mixings and compensators vanish, so that 
the fluctuation reverts back to a simple rescaling of the internal metric. 

The mode we would like to study is the warped generalization of the volume modulus. In order 
to differentiate the warped volume modulus from other possible deformation modes, we will require 
that it satisfies a few simple properties: the fluctuation should correspond, in some gauge, to a 
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pure trace fluctuation 5(p mn ~ g mn ; it should correspond to a fluctuation in the "warped volume" 
V\v = I ^e^ p ^ A °^^ D ~ p ^ B °; it should satisfy all of the constraints; and it should reduce to 
the unwarped volume modulus in the unwarped limit. We will first review the unwarped volume 
modulus, then construct an ansatz for the warped volume modulus that meets the above criteria. 

We are assuming that there is some bulk matter with energy- momentum tensor Tmn, such that 
the background metric is a solution to the background Einstein equations Gmn — k 2 dTmn — for 
a maximally symmetric spacetime metric g^ v and arbitrary internal space g mn . We are taking the 
background matter fields (including the dilaton) to be fixed with no fluctuations, so they are only 
important for sourcing the background, and we will not need their detailed form. 



A.l Review: Unwarped Volume Modulus 

Let us first start by reviewing the unwarped volume modulus, following the notation of jl?]. The 
unwarped metric corresponds to constant warp factors, which we will set to unity by rescaling the 
x M ,y m coordinates: 

ds 2 D = g liu {x)dx^dx u + g mn (y)dy m dy n . (A.l) 

A fluctuation of the volume modulus <p corresponds to a fluctuation of the overall scale of the 
internal metric, 

ds 2 D = g^(x)dx»dx v + e 2 ^~g mn (y)dy m dy n , (A.2) 

as can be seen by the fact that the internal volume scales with p as Vd- p -i = e - ^ -1 ^ J \Jg. 
However, in order to remain in (p + l)-dimensional Einstein frame after compactification, we must 
also include a modulus-dependent Weyl rescaling of the {p + l)-dimensional spacetime, 

ds 2 D = e 2a ^g^(x)dx»dx» + e 2 ^g mn {y)dy m dy n , (A.3) 
where 3 = — i p ~ 1 ' ) -i a ensures the Einstein frame condition. This also leads to the identification 

" D—p—l 

of the lower dimensional Newton's constant k 2 d = Vd~ p -i^ 2 + i, where Vd- p ~i = f y/gn-p-i is the 
(D — p — l)-dimensional (unwarped) volume. As we will see soon, if we further choose 

a 2 = D ~ V ~ l - (A.4) 
2(D-2)(p-l) 1 J 

then ip will be a canonically normalized scalar field in the resulting (p + l)-dimensional effective 
theory. For small spacetime fluctuations of the volume modulus: 

(p(x) = po + 5ip(x) + ... (A. 5) 

the fluctuation ( 1A.3I) in the notation of warped perturbation theory from Section 12.21 corresponds 
to the gauge-invariant metric fluctuations, 

<S> mn {x,y) = /35p(x)g mn (y) ; 

W(x,y) = -aScp(x) . (A. 6) 

The constraint equations SG^^v^SG^m are satisfied identically for the ansatz (1A.3jl . and the 
part of the internal Einstein equation proportional to the kinetic term is: 

G mn = -e^-^~g mn U5 V °^ D ~ 2 \ + ... (A.7) 

D — p—l 
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where by ... we mean that only the kinetic pieces are shown. We can construct the (p + 1)- 
dimensional (quadratic) effective kinetic term for the volume modulus <p by reducing the Ricci 
scalar, which becomes: 



S, 



eff 



2k 2 d 



g D R 



D 



44 



9d $G mn 5g r 



g^5G MN 5g MN 

— (<9 M M(<9 A M 



4k 2 



(A.* 



where in the last step we used the definition of a above (1A.4I) so that <p is canonically normalized 
(the extra factor of (2k p+ i)~ 1 is a common convention). Another convenient parameterization of 
the volume modulus is in terms of the "breathing mode" u(x) = e 2< - D_2 ^ //( - p+1 * )</3<x - ) for which the 
metric and effective kinetic term become: 



ds 2 D 

S eff 



(p+l)(D-p-l) p+1 

u ( x ) (D-2)(p-i) g^dx^dx" + U {x)o-2g mn dy m dy n ] 

(p + lf{D -p-l) \ (ppu(x))(&u(x)) 



Sk 2 p+1 (D - 2)(p - 1) 



u(x) 



(A.9) 
(A.10) 



A. 2 Warped Volume Modulus 

As discussed at the beginning of this section, we would like to construct an ansatz for the warped 
volume modulus on the warped background 



ds 2 



i 2Mv) g^(x)dx»dx» + e- 2B ^~g mn {y)dy m dy r 



(All) 



where we will take Bo(y) = (p + 1)/(D — p — 3)Ao(y) as in the main text. The relevant "warped 
volume" appears in the dimensional reduction of the D-dimensional Ricci scalar (we will suppress 
subscripts on metric determinants as detg^ u = g, detg mn = g): 



2k 2 d 



g D RD 3 



2k 2 d 



gR 



-(p-l)Ao-(D-p-l)B 



2k 2 d 



where 



(A.12) 



V {0) = 
v w — 



'ge 



-(p-l)A -(D-p-l)B 



ge 



-2 7 A (y) 



(A.13) 



is the warped volume, with 7 = (D — 2)/(D — p — 3). 

The ansatz for the warped volume modulus we will use is^|: 



ds 2 



e 2A(y,u(x)) e 2Q[u{x)} 



+e~ 



g (a , + 2e^ n ^V lt d u u(x)E(y) 
^) AMx)) ~g mn {y)dy m dy\ 



dx»dx v 



(A.14) 



where we have promoted the warp factor to be a function of the warped volume modulus so that 
at linear order in u(x) 

A(y,u(x)) « A (y) + u(x)5A(y) + O(u 2 ). 



'A qualitative argument for this form is given in the beginning of Section [3. II 
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We have also included a Weyl factor, defined as 

[Vj 



SVg 



,(p-l)A p -(D-p-l)B 



Vd-p-i 

v D-p-l 



(A.15) 



so that the dimensionally reduced Ricci scalar is in Einstein frame, where again to linear order 
n[u(x)] « fi + u(x)5tt + 0(u 2 ) with e^- 1 )" = V D -p-i/V$ ] . This implies n 2 D = Vo-p-iK^, as 
in the unwarped case. For convenience, we will denote the unwarped metric with the compensator 
piece as 

9^ = 9»u + 2e {p - 3)n V^d v u(x)K(y) . (A.16) 

The constraint equations come from the off-diagonal parts of the .D- dimensional Einstein equa- 
tions, and are: 



5G 



(VjAit) \ e 2A+2B+ (P-V n V 2 E + (D-p- 3)d m Bd™E - (p + l)d m Ad™E 



- (1 -p)(5tt + 5A) + (D -p- 1)8b\ = 0; 
5G tim = -pd ll d m A+(D-p-2)d ll d m B - (D — 2)d tl Bd m A = . 
In the absence of dilaton fluctuations, the (urn) constraint equation flA.18j) becomes, 

D — 2 \ e^ A 



5G 



/im 



-(p+l)A 



D-p- 3 J (p + 1) 
which is solved by the generalized shift ansatz for the warp factor, 



)=0 



-(p+l)A(y,u(x)) 



where Ao(y) is a background warp factor. The Weyl factor becomes, 

(p-i)n = Vp-p-i 

/ y/g e~ 2 ^y) ' 

The constraint equation flA. 17[) is solved by: 

V 2 £ = e" 27A [2^5 A + (1 - p)5Q] e~ {p - 1)n 



27 



-2-yA 



D-p-1 



P+l 

Summarizing, we have shown that the ansatz 
ds 2 = 



g e (-2 7 +P+l)A 



3 (-2 7 +p+l)A 



V, 



D-p-1 



(e-( p+1)A °( y) + u(x))' 



2/(p+l) 2to[u(x)] 



gtiu + 2V ' lx d v u(x)E(y) 



-2jA 



dx^dx 1 



(A.17) 
(A.18) 

(A.19) 

(A.20) 

(A.21) 

(A.22) 
(A.23) 



-(p+l)A (y) 



+ M (x)) 2/(D_P 3) g mn dy m dy n 



(A.24) 



with solving (1A.23|) and f2 defined by ( 1A.21|) . solves the linearized warped constraint equations. 
It should be straightforward to generalize this to the non-linear level as in [12]. Clearly, if we turn 
off the volume modulus fluctuation u(x) = 0, we return to the background (lA.llj) . In the unwarped 
limit, e (p - 1)Ao(s/) -> 1, with the identification u(x) + 1 = e ( D -p~3)Mx) t ^ e me t r i c fTA~24|) becomes 
the ansatz for the unwarped volume modulus f lA.3j) as in Section IA.1I This ansatz for the metric 
fluctuations meets our criteria for the warped volume modulus outlined at the beginning of this 
section: the wavefunction has a pure trace component, it corresponds to a fluctuation of the warped 
volume Vw, it solves the constraint equations, and it reduces to the unwarped volume modulus in 
the unwarped limit. 
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A. 2.1 Kinetic Term 



The effective kinetic term for u(x) can be obtained from a dimensional reduction of the D- dimensional 
Ricci scalar: 



S, 



eff 



2k 2 d 



9d Rd 



r g^g 5g MN 5G MN 



^g^g8g mn 5G r . 



(A.25) 



In the last step we used the fact that the kinetic contribution to the fluctuated external Einstein 
tensor 5G flu vanishes once the constraints are satisfied. The kinetic part of the Einstein equation 
in the internal directions is 



SG r 



Du(x) 



gmn& 



-2A-2B-2Q 



{p(SA + Sn)-(D-p- 2)5B} 



(A.26) 



+e 



(p-3)« 



-V m d n K - (d m (A + B)d n E + d m Ed n (A + B)- ~g mn d p Ed*B) 



+ ... 



+g mn V 2 E + d p Ad*E~g mn + 2 {(D - p - 3)d p Bd p E - (p + l)d p Ad*E} ] 

The fluctuated internal metric is: 

5g mn = -26B g mn , 6g mn = g mp g n<i 5g pq = -25B g mn = -25B e 2B g mn . (A.27) 

Using ( 1A.22|) we can write 5g mn SG mn as: 

5g mn 5G mn = -2uUu5Be- 2A - m [{D - 2)(5Q + 5 A) + 7 (D-p- 3)e 2 ~ fA+2n d 7h Ad m E] . (A.28) 

Writing the effective kinetic term as: 

1 



gE 5g mn 5G r 



the field space metric is: 



G, 



1 f fZ 2{D-2) 



AkI 



,( P -i)njp+i-2~f)A 



D-p-3 

The last term can be integrated by parts, leaving us with 



g G uu uDu, 



[SSI + 5A + e 2rrA+2Q d™Ad m E] 



(A.29) 



(A.30) 



1 



D-2 



2^ +1 (p + l)(D-p-3) 



Apj 



(p-l)(p+l) 



3 2(p-i)n 



(p+l-2-y) 



U' 



V, 



27 
p+ 1 



D-p-l 



(2(p+l)-2 7 ) 



V, 



D-p-l 



(A.31) 



where we are using the notation V$ = J y/ge aAo( - y \ 
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To make contact with the unwarped case it is also convenient to change variables to u(x) 
-(D-p—3)ptp(x) ^ w ifo corresponding effective kinetic term, 



S, 



eff 



g G w (pUip ; 



(A.32) 



G 



(p-1) 



-2(Z?-p-3)/V 



p-i)(p+i; 



4p(L> - 2) 



3 2(p-i)n 



Vi 



(p+i-2 7 ) 



V; 



D-p-1 



+ (D(p - f ) - p 2 - 4p + l) e 



(p- 



T/ (2(p+l)- 

-i)n v w 



•27) 



Vd-p-1 



(A.33) 



In the unwarped limit, the volume factors all cancel out, and remarkably all of the factors of D 
and p in (1A.33|) cancel as well, leading to the canonically normalized kinetic term as in the previous 
section. However, for non-trivial warping we see that now the kinetic term for the "traditional" 
volume modulus ip is no longer canonically normalized in general. Of course, it is straightforward to 
canonically normalize the kinetic term by an appropriate field redefinition. The point here is that 
the warped volume modulus does not automatically have the same kinetic term as the unwarped 
volume modulus - they are related by a field redefinition. This is in contrast to that found in [12J, 
where the kinetic terms for the warped and unwarped volume moduli were found to be identical, a 
fact crucial for verifying the conjectured M = 1 Kahler potential for the volume modulus. 



A. 3 Special Cases 

An interesting set of special cases of the warped volume modulus emerges when p + 1 = 27. In 
these cases, the second term in (IA.31I) vanishes, and the first term simplifies considerably, so that 
the field space metric becomes: 

Guu = -2k- Gfi) 7 ^T^' (A - 34) 

Taking the maximal spacetime dimension to be D — 11, the only integer values of D and p for 
which this is satisfied are: 



p = 2, D = ll 
p = 3, D = 10 
p = 5, D = 10 



D = 11 -> 2 + 1 (M2) 
D = 10 -»■ 3 + 1 (D3) 
D = 11 -»■ 5 + 1 (M5). 



These special cases are precisely those for which the warped product structure of the volume modulus 
deformed metric (1A.14I) matches that of the corresponding p-brane solutions without a dilaton: D3- 
branes in 10-dimensional supergravity, and, more trivially, M2- and M5-branes in 11-dimensional 
supergravity. 

In particular, flA. 14|) for the case of D = 11 reduced to p + 1 = 3-dimensional Minkowski space 
has the metric (relabeling 2A(y,u(x)) = —(j)(y,u(x)) by convention): 

ds 2 u = e -<t>iyMx)) e mu{x)) ^ + 2e~ n d ll d v u(x)K{y)] dx^dx" 

+e^y> u ^~g mn (y)dy m dy n (A.35) 
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with the shift ansatz (IA.20I) taking the form, 



The warp factor structure in (1A.35|) is exactly the same as the supergravity solution correspond- 
ing to an extremal M2-brane [48J. Upon supersymmetric compactification to (2 + 1) -dimensional 
Minkowski space on spacetime filling M2-branes, supersymmetry demands in this case that the 
8-dimensional compact space be a Calabi-Yau 4- fold PHI]. The warp factor in this background 
satisfies the equation (coming from the equation of motion for the 3-form potential) 

vv^ 2 = * 8 (x 8 -\gag)-J2 * 8 (y ~ Vi) , (A.37) 

^ ' 3 

where we must include (self-dual) 4- form flux G, and a topological term X&(R) = 
^tri? 4 — j (tr_R 2 ) 2 j to cancel the C 3 tadpole of the M2-branes at the locations y i7 



Xr>l Q2 + I [ GAG. (A.38) 
'cy 4 
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We see that the shift ansatz for the volume modulus dependence in the warp factor flA.36j) is quite 
natural since it is a zero mode of (1A.37|) . even though it was derived in a very different way. 

The case of D = 10 reduced to p + 1 = 4-dimensional Minkowski space has the metric (IA.14I) 
(renaming u(x) = c(x)): 

ds 2 w = e ^(y,^)) e 2n[c(x)] ^ + 2d tl d v c{x)K{y)\ dx»dx v + e- 2AMx)) g mn {y)dy m dy n , (A.39) 
with the shift ansatz (IA.20I) taking the form, 

e -iA{y,u(x)) = e -AA (y) + ^ _ ( A _ 4Q ) 

Again, the warped product structure of the metric ()A.39j) is identical to that of the corresponding 
extremal D3-brane solution [12]. Upon supersymmetric compactification to (3 + l)-dimensional 
Minkowski space on Z)3-branes, again the warped product structure of the metric also takes this 
form, and supersymmetry demands in this case that the 6-dimensional compact space be a Calabi- 
Yau 3- fold [ 2113] . The warp factor in this background satisfies the equation (coming from the equation 
of motion for the RR 4-form) [3J: 

- V 2 e"^ = J^- + 2^ T 3P 1° C , (A.41) 

where we must include (imaginary self-dual) G3 flux and orientifold 03-planes to cancel the tadpole 
from the D3-brane charges, 



H 3 AF 3 + qJ oc = . (A.42) 



Me 



Again, we see that the shift form of the volume modulus dependence of the warp factor (1A.40I) 
is a natural zero mode of the background ( 1A.41I) . The metric ( 1A.39I) is just the volume modulus 
deformation of the GKP background found in [12] . 
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The final "special" case of D = 1 1 reduced to p + 1 = 6-dimensional Minkowksi space has the 
metric (1A.14[) . 



ds 2 n = e ^(y,u{x)) e 2n{u{x)) ^ + 2e 2n d ll d l/ u(x)K(y)] dx»dx u + e-* AMx)) g mn (y)dy m dy n , (A.43) 
with the shift ansatz ( 1A.20I) taking the form 

e -6A&,,«(*)) = e -6A (y) + ^ _ 



As expected, the warped product structure of ( ]A.43j) is identical to the supergravity solution of 



the extremal M5-brane [49]. Upon compactification to (5 + 1) -dimensional Minkowski space on 
spacetime filling M5-branes, the warped product structure also takes this form [50], while low 
energy supersymmetry requires the internal space to be the orientifolds^ T 5 /Z 2 or K3 x S ,1 /Z 2 
(and their orbifolds) [511 E2]- The warp factor satisfies the equation (coming from the Bianchi 
identity for the 4-form field strength), 

-v 2 e- 6A = J2^ 5 (y-yi); (A.45) 

i 

for M5-branes = 1. In order to satisfy the tadpole constraint coming from (|A.45|) we must have 
additional sources of negative M5-brane charge; in contrast to the M2-brane case, flux cannot carry 
M5-brane charge, and so cannot be used to cancel this tadpole. Fortunately, as discussed in [52], 
the twisted sector fields at the fixed points of the orbifold action of the orientifold carry negative 
charge qi = —1/2 (in just such a way that they are free of gravitational anomalies), so the tadpole 
condition coming from (1A.45I) can be satisfied. Again, we see that the shift form of the volume 
modulus in the warp factor (1A.44|) is a natural zero mode of the background (1A.45D . 

It is perhaps remarkable that our simple analysis of a warped volume modulus, without any 
explicit reference to the form of additional matter, has led quite naturally to the D3-, M2-, and 
M5-brane backgrounds. 
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